Abstract. Using a comparison of the Jacobi differential equations instead of volume comparison by Itokawa in [3] , the focal radius is estimated under the suitable Ricci and mean curvature conditions.
Introduction
In [4] , Myer's theorem for focal point is stated by defining a focaladmissible function and comparison theorems for focal points are also studied. In Lorentzian geometry, a focal radius of a spacelike hypersurface is calculated by using the index form in [5] which is sharper than the result obtained by Galloway [2] as a generalization of Myer's theorem. And in [3] , Itokawa used the so-called Darboux-Cheeger-Yau model and its volume for volume comparison and calculation of the diameter. But we'd like to note that there is an easy way to show the same results of Itokawa by using a comparison of the Jacobi differential equations.
Let H be a hypersurface in a Riemannian manifold M with dimM = n + 1 and γ be a unit-speed geodesic orthogonal to H at γ(r). For a unit normal vector field N along H with N γ(r) = γ (r) and q ∈ H, a mapping φ : I × H → M given by
where t ∈ I = [r, R), is called a normal geodesic variation of γ along the hypersurface H [1] . For each fixed q ∈ H, let γ q is the geodesic given by γ q (t) = φ(t, q) and define φ t : H → M by φ t (q) = φ(t, q) for q ∈ H. We denote by S −N the shape operator of a hypersurface H. An H-Jacobi tensor along γ is defined by Definition. (cf. [4] ) Let γ be a unit-speed geodesic orthogonal to a hypersurface H at γ(r) with N γ(r) = γ (r). A smooth (1, 1) tensor field A : (γ ) ⊥ → (γ ) ⊥ associated with φ called an H-Jacobi tensor along γ if it satisfies
where Id is the identity endomorphism of (γ ) ⊥ . A point γ(t 0 ) for t 0 ∈ (r, R) is called a focal point to H if detA(t 0 ) = 0.
The shape operator S −γ (t) of each level hypersurface H t of H associated with φ is given by as in [1] (1)
We denote by θ(t) = trS t the mean curvature of H t along γ(t).
Put B = A A −1 for an H-Jacobi tensor A along γ v , then we have
where we put
The mean curvature is also expressed as θ = tr(B) = (det(A)) det(A) and the shear tensor σ of A along γ v is defined by
Note that a variation tensor field A associated with φ is a Lagrange tensor (Proposition 1 in [1] ). So the vorticity 1 2 (B − B * ) is zero, where * denotes the adjoint. Taking the trace of (2), we get the Raychaudhuri equation
where
So we obtain the Jacobi equation by (4) and (5)
We construct our model space for a comparison of focal points following the essence of Itokawa's work. LetM be an (n + 1)-dimensional Riemannian manifold andγv be a geodesic withγv(0) =p andγ v (0) =v for allv ∈ TpM . Assume that r is less than the cut point cutγv along a geodesic γv for allv ∈ TpM . Denote by S(r) ⊂ TpM a sphere of radius r. We also assume that S r (p) = exppS(r) is totally umblic and the curvature tensor is isotropic Rγ [4] p.574). Now we consider each level hypersurface S t of the totally umblic distance sphere S r (p) = exppS(r) along a radial geodesicγv for allv ∈ TpM and define a metric on the product space [r, R) × S t such that the Jacobi equation (6) along the geodesicγ(t) for t ∈ [r, R) is given by
since we have the zero shear tensorσ = 0 from the isotropic curvature tensor along a radial geodesicγv and the totally umblic shape operator.
If we specify the initial conditions (8)x(r) = a 0 ,x (r) = a 1 , then by (5) we have
The solution of (7) for k = 0 with the initial conditions (8) is given by
If h < −k, then we get
The solution of (7) for k = 0 is x(t) = a 1 t + a 0 − ra 1 and we get
We denote by δ(p, q) the distance between two points p, q ∈ M . Put δ(p) = sup{δ(p, x)|x ∈ M }, while δ(M ) is the diameter of M . The triangle inequality shows that
Using a comparison of the Jacobi differential equations instead of that of the volumes as in [3] , we show under the above construction
Theorem. Let S(r) ⊂ TpM be a sphere of radius r. Assume that S r (p) = exppS(r) is totally umblic and the curvature tensor is isotropic Rγ
,γ v (t)) = −nk 2 for k > 0 on (r, R) and θ(r) ≤θ(r) = nh < −nk with detA(r) = detĀ(r), then the first focal point to the totally umblic distance sphere S r (p) = exppS(r) alongγv comes before r +
. Hence M is compact.
For the case of
and θ(r) ≤θ(r) = nh with detA(r) = detĀ(r), then the first focal point comes before r − 1 h . Hence M is compact.
Proof
The following Lemma in [1] for reader's convenience is essential for comparisons of the Jacobi equations.
Lemma. Suppose f : R → R is smooth. Let x,x be a smooth function such that x,x is a solution of the differential inequality x + f x ≤ 0, x + fx = 0, respectively withx(t 0 ) = x(t 0 ) and x (t 0 ) ≤x (t 0 ) and x andx are both positive in some interval [t 0 , t). Let s,s be the first positive zero of x,x, respectively. Then s ≤s and x ≤x and
Proof. Put h = x x and g = h x 2 = x x − xx . Ifx(t 0 ) = x(t 0 ) and 
for an orthonormal basis {e 1 , e 2 , ..., e n , e n+1 = v} of T p M and its parallel basis {E 1 , E 2 , ..., E n } along γ with E i (0) = e i for each i. And we put
Proof of Theorem Consider the Jacobi equation
x + 1 n (Ric(γ v , γ v ) + trσ 2 )x = 0,x − k 2x = 0 along γ v ,γv of our construction on the interval [r, R), respectively. Then we have
Thus the Ricci condition Ric(γ v (t), γ v (t)) ≥ Ric(γ v (t),γ v (t)) = −nk 2 implies x − k 2 x ≤ 0 andx − k 2x = 0.
Using Lemma under the assumptions of Theorem, we see that the first focal point of M comes before r + log[(h−k)/(h+k)] 2k
for k > 0 from (10). And we get by (12)
Similarly, we get the conclusion for the case of k = 0. Acknowledgment
